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1
2

Bergische Universität Wuppertal {huelsmann,bartel,schoeps}@math.uni-wuppertal.de,
Katholieke Universiteit Leuven Herbert.DeGersem@kuleuven-kulak.be

Summary. Simulation of low-frequency magnetic fields in
electric machines demands for implicit time integration.
For the nonlinear reluctivity of the ferromagnetic yoke, a
smooth material curve is needed to avoid convergence problems in Newton’s method. In this paper the Brauer model
is extended to fit the material behavior at low fields more
accurately and to guarantee physically correctness for high
fields. Furthermore, a procedure to obtain optimal parameters is developed and discussed using a numerical example.
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Fig. 1. Regions of the H(B)-curve.

1 Introduction
Typically Finite Element (FE) based simulations of
eddy currents use the magnetic vector potential A and
the curl-curl equation
dA
+ ∇ × (ν∇ × A) = Js ,
(1)
dt
with conductivity σ , reluctivity ν and source current
density Js . For iron parts the material relation H(B) =
νB becomes nonlinear, where B = ∇ × A is the magnetic flux density and H the magnetic field strength.
We neglect anisotropy and hysteresis. Hence, we can
apply H = νB in terms of H := kHk2 and B := kBk2 .
Typical models are spline interpolations of measurements, [3], and Brauer’s model, [1]:
σ

2

k2 B2

Hbr (B) = νbr (B )B = (k1 e

+ k3 )B .

Both allow a simple calculation of the reluctivity ν =
ν(B2 ) and its derivative dBd 2 ν, needed in the computation of material matrices occurring in the space discretization of (1), see e.g. [2]. Brauer’s model is well
understood, e.g., a sensitivity analysis shows that currents and fluxes through machines are most sensitive
w.r.t. to perturbations in k2 followed by k1 and k3 . The
model is sufficiently accurate for medium fields but
the behavior for low fields (Rayleigh region) and high
fields (full saturation, i.e., dH
dB = ν0 as for vacuum)
cannot be represented accurately.

2 Extened Brauer model
For high fields the material behaves like vacuum
Hsat (B) = ν0 (B − Bs ) + Hs .
For low fields the dependence of B on H is quadratic:

Hray (B) =

q

1
2
4α 2 νinit

+ αB − 2αν1

init

with initial reluctivity νinit and Rayleigh constant α.
In combination we obtain a H(B)-curve as shown in
Fig. 1, with interface points (Bm , Hm ) and (Bs , Hs ).
Let us determine the coefficients of an extended
Brauer model s.t. the global model is continuous differentiable. The classical model does not simply allow to replace low field and high field parts. A shift of
the Brauer model enables to fulfill the continuity and
differentiability conditions at Bm :
2

Hebr (B) = (k1 (ek2 (B−Bm ) − 1) + νd,m )(B − Bm ) + Hm
with νd,m := dH
dB Hray (Bm ) the differential reluctivity at
the end of the Rayleigh region. We define the function


Hray (B) if 0 ≤ B < Bm ,
H(B) := Hebr (B) if Bm ≤ B < Bs ,
(2)


Hsat (B) if Bs ≤ B .
To fix the model parameters k1 and k2 , we use the
continuity conditions Hebr (Bs ) = Hs and dH
dB Hebr (Bs ) =
ν0 , and solve each equation for k1 :
k1 =
k1 =

Hs −Hm
Bs −Bm − νd,m
2
ek2 (Bs −Bm ) − 1

,

ν0 − νd,m
.
2
(2k2 (Bs − Bm )2 + 1) ek2 (Bs −Bm ) − 1

(3)
(4)

From (3) and (4) we find a nonlinear equation for k2 >
0, which is solvable under the conditions ν0 > νd,m
0<

Hs −Hm
Bs −Bm −νd,m
ν0 −νd,m

<

1
3

and Bs > Bm > 0, Hs > Hm > 0, ν0 > νd,m .
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Fig. 2. Low field region.

Let us consider measurement points (B j , H j ), j = 1,
. . . , N, of a ferromagnetic material. We assume monotonicity of the data and a distinctive Rayleigh region.
To find optimal model parameters we solve a nonlinear least squares (NLS) problem, i.e.,
N
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Fig. 3. Medium field region.

The Rayleigh constant can be obtained by α :=
(Bm /Hm − 1/νinit )/Hm . Therefore the model (2) can
be fixed from the data p := (νinit , Bm , Hm , Bs , Hs ).
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Fig. 4. Errors |i − î|/(|i| + 0.1) of no-load current. The current peaks are at 0.01, 0.03 and 0.05.

i) The fraction of first non-zero measurement points
approximates νinit . Then find index r that minimizes (Hr+1 − Hr )/(Br+1 − Br ). (Br , Hr ). It is an
approximation to (Bm , Hm ). Compute α and νd,m .
ii) Approximate the beginning of the saturation region with the last measurement points. Solve (3)
and (4) for k1 and k2 by replacing ν0 with the secant slope νN of the last two measurement points.
iii) If νN ≈ ν0 , use the last point as approximation of
(Bs , Hs ). Otherwise solve dH
dB Hebr (Bs ) = ν0 for Bs
and compute Hs = Hebr (Bs ).
iv) Solve the NLS problem (5).

from above are used as a reference. For the spline
interpolation (cubic and Fritsch-Carlson spline) we
smoothened the noisy samples in the Rayleigh region
with a moving average filter. Errors of the no-load current i through the device are depicted in Fig. 4.
The original Brauer model is the computationally
least expensive but yields large errors in comparison
to the reference solution. It cannot match the shape
of the material curve for low and high fields. Spline
interpolated measurements yield medium errors but
need a high number of Newton steps to converge,
cf. [4]. The extended Brauer model is only slightly
more expensive than the original Brauer model but is
the most accurate also in Fig. 4. It also recovers the
reference curve.

4 Example
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nonliterary. A procedure for this purpose is given by:
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