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Summary. The creation of equivalent models of wave-
guide structures is a challenging task. This contribution re-
visites a method to establish systems of ordinary differen-
tial equations to model the transient dependency between
port voltages and currents of the structure based on real
eigenmodes. These equations can be derived either in an
impedance or admittance formulation. The method is il-
lustrated by the transfer properties of a rectangular wave-
guide. It is shown that the frequency domain impedance
parameters of this waveguide, obtained by an eigenmode
expansion, converge to the parameters which are commonly
known from literature.

1 Introduction

The computation of transfer functions of lossless ra-
dio frequency (RF) multiport structures is a common
issue related to scientific computing in electrical en-
gineering. A large variety of methods is discussed in
the literature to determine these transfer functions in
frequency domain. However, frequency domain ap-
proaches fail, if field filling and defilling processes
in RF structures [2, 4] or the response of these struc-
tures due to transient port stimuli are of interest. In
this contribution a modal expansion is employed to
transfer the electrodynamic wave equation with ex-
citation to a coupled first order ordinary differential
equation (ODE). This differential equation approxi-
mates the dependency of port quantities like volt-
ages and currents in an explicit time domain formula-
tion and is therefore referred to as lumped equivalent
model of the structure. In this context it is remarkable
that eigenmodes of the closed structure are suitable to
expand the fields in a device with waveguide ports.

However, in contrast to previous publications on
eigenmode expansions for multiport systems (see e.g.
[1, 3, 5, 6]) this contribution performs the expansion
using continuous fields and focusses on the creation
of structure’s equivalent ODE systems. In addition
to theoretical derivations, the procedure is exempli-
fied by means of a rectangular waveguide to obtain
a time domain equivalent ODE model for this wave-
guide in an impedance formulation. It is shown that
the frequency domain transfer function of the equi-
valent model converges to the well-known impedance
parameters of the waveguide, if an infinite number of
real eigenmodes is considered in the expansion.

2 Mathematical Modeling

For the derivation of waveguide structure’s equivalent
models Faraday’s law of induction

∇×E(r, t) =−µ
∂

∂ t
H(r, t)−Jm(r, t) (1)

and Ampere’s law

∇×H(r, t) = ε
∂

∂ t
E(r, t)+Je(r, t) (2)

are taken as a starting point. There, E(r, t) denotes
the electric field strength, H(r, t) the magnetic field
strength, ε a constant permittivity, µ a constant per-
meability, Jm(r, t) the magnetic and Je(r, t) the elec-
tric current density.

2.1 Impedance Formulation

The impedance formulation describes the transient
port voltages as a function of electric port currents.
Therefore, the magnetic currents are set to zero in (1).
Taking the curl of the resulting equation, using the
electric fields to be free of any sources and replacing
the curl of the magnetic fields by the r.h.s. of (2) leads
to the wave equation with electric current excitation:

∆E(r, t)− εµ
∂ 2

∂ t2 E(r, t) = µ
∂

∂ t
Je(r, t). (3)

The electric fields are expanded in terms of real eigen-
modes Ẽν(r) and a transient weighting factor xν(t):

E(r, t) =
N

∑
ν=1

Ẽν(r)xν(t). (4)

Note, that the eigenmodes Ẽν(r) satisfy

∆Ẽν(r)+ εµω̃
2
ν Ẽν(r) = 0 on Ω , (5)

n× Ẽν(r) = 0 on ∂Ωwall , (6)
n · Ẽν(r) = 0 on ∂Ωports, (7)

with the resonant angular frequency ω̃ν of the ν-th
mode. Condition (6) corresponds to perfect electric
material on the boundary of the waveguide, whereas
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(7) corresponds to perfect magnetic conducting mate-
rial on the cross section of the waveguide ports. Re-
placing the transient electric fields in (3) by (4), ex-
ploiting the orthogonality of the eigenmodes∫∫∫

Ω

Ẽν(r) · Ẽn(r)dr =

{
2Wν/ε, if ν = n,
0, if ν 6= n,

(8)

and utilizing the fact that the excitation current den-
sity can be expressed as a superposition of impressed
excitation current densities J̃port,m(r) im(t) on the cross
sections of all M waveguide ports

Je(r, t) =
M

∑
m=1

J̃port,m(r) im(t) (9)

leads to the ordinary differential equation

2Wν

(
ω̃

2
ν xν(t)+

∂ 2xν(t)
∂ t2

)
=

∂

∂ t

M

∑
m=1

fν ,m im(t).

(10)
Here Wν is defined as the energy stored in the ν-th
mode, im(t) the modal current of the m-th port and

fν ,m =
∫∫∫

Ω

Ẽν(r) · J̃port,m(r)dr. (11)

Equation (10) can be expressed for all N considered
eigenmodes and all M ports as the state equation

∂

∂ t


x̂1(t)
x1(t)

...
x̂N(t)
xN(t)


︸ ︷︷ ︸

x(t)

=


0 1 . . . 0 0
−ω̃2

1 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 1
0 0 . . . −ω̃2

N 0


︸ ︷︷ ︸

Az


x̂1(t)
x1(t)

...
x̂N(t)
xN(t)


︸ ︷︷ ︸

x(t)

+
1
2



0 0 . . . 0
f1,1
W1

f1,2
W1

. . .
f1,M
W1

...
...

. . .
...

0 0 . . . 0
fN,1
WN

fN,2
WN

. . .
fN,M
WN


︸ ︷︷ ︸

Bz


i1(t)
i2(t)

...
iM(t)


︸ ︷︷ ︸

i(t)

.

(12)

The dependency of the voltages at the ports and the
inner states is described via the output equation

v1(t)
v2(t)

...
vM(t)


︸ ︷︷ ︸

v(t)

=


0 f1,1 . . . 0 fN,1
0 f1,2 . . . 0 fN,2
...

...
. . .

...
...

0 f1,M . . . 0 fN,M


︸ ︷︷ ︸

Cz


x̂1(t)
x1(t)

...
x̂N(t)
xN(t)


︸ ︷︷ ︸

x(t)

. (13)

Note that the state space system (12) and (13) with
the matrices {Az,Bz,Cz} is an equivalent ODE model
of the multiport waveguide structure in an impedance
formulation, since it describes the transient port volt-
ages as a function of transient port currents.

2.2 Admittance Formulation

The derivation of the state space systems in an admit-
tance formulation is similar to the procedure proposed
in section 2.1. However, for the admittance formula-
tion magnetic currents are used to excite the structure,
the expansion is performed using magnetic fields and
perfect electric conducting boundary conditions are
chosen on the port cross sections for the eigenmodes.

3 Application Example and Convergence

A homogeneously filled rectangular waveguide with
constant cross section carrying a TE10 mode is cho-
sen as an example. This structure is well suited for
validation and demonstration purposes as the eigen-
value problem (5) - (7) can be solved analytically for
this geometry. As a central result of this contribution
it is shown, that the frequency domain transfer func-
tion of the state space system (12) and (13) converges
to the analytically known impedance matrix Z(iω) of
the waveguide, if an infinite number of eigenmodes is
considered in the modal expansion:

lim
N→∞

Cz

(
iωI−Az

)−1
Bz = Z(iω). (14)

Here I ∈ RN×N denotes the identity matrix .

4 Summary and Conclusions

This work illustrates the derivation of ODE models in
an impedance and admittance formulation for lossless
RF structures based on real eigenmodes. The method
is exemplified by employing a simple waveguide. Fur-
thermore, the convergence of the method is discussed
for this test example.

References
1. J.R. Brauer and G.C. Brauer. Microwave filter anal-

ysis using a new 3-D finite-element modal frequency
method. IEEE Trans. Microw. Theory Tech., 45(5):810
– 818, May 1997.

2. M. Dohlus, H.-W.Glock, D. Hecht, and U. van Rienen.
Filling and beam loading in TESLA superstructures.
TESLA-REPORT 98-14, 1998.

3. M. Dohlus, R. Schuhmann, and T. Weiland. Calcula-
tion of frequency domain parameters using 3D eigenso-
lutions. International Journal of Numerical Modelling,
12:41 – 48, Januar 1999.

4. H.-W. Glock, M. Kurz, P. Hülsmann, and H. Klein. Rise
time of the amplitudes of time harmonic fields in multi-
cell cavities. In Proc. of the Particle Accelerator Con-
ference 1993, volume 1, pages 623 – 625, May 1993.

5. J. C. Slater. Microwave electronics. Rev. Mod. Phys.,
18:441–512, Oct 1946.

6. T. Wittig, R. Schuhmann, and T. Weiland. Model or-
der reduction for large systems in computational elec-
tromagnetics. LinAlgApp, 415(2 - 3):499 – 530, 2006.


